Large quantum gravity effects and nonlocal variables 



Alfredo E. Dominguez *, Manuel H. Tiglfot 

Facultad de Matemdtica, Astronomia y Fisica, Universidad Nacional de Cordoba 
Ciudad Universitaria 5000 Cordoba, Argentina. 

We reconsider here the model where large quantum gravity effects were first found, but now in 
its Null Surface Formulation (NSF) . We find that although the set of coherent states for Z, the basic 
variable of NSF, is as restricted as it is the one for the metric, while some type of small deviations 
from these states may cause huge fluctuations on the metric, the corresponding fluctuations on Z 
remain small. 
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An interesting effect found recently, that points out to potential problems and/or surprises that could be found 
in quantum gravity, is the presence, in the quantization of certain midisuperspaces, of what has been called "large 
quantum gravity effects" (LE). In the original analysis of Ashtekar pL the model chosen is rotationally symmetric 2 + 1 
gravity coupled to a massless scalar field (a spacetime that may be obtained by symmetry reducing Einstein-Rosen 
waves). As shown in pL in the quantized version of this model, coherent states for the scalar field emerge as natural 
candidates for a set of coherent states for the metric. It is then noted that only at low frequencies the mean value of 
the metric in these states is sharply peaked around its classical value. This implies that there are classical solutions 
that are spurious: they do not arise as classical limits of the quantum theory. And, curiously, even states very close to 
those that minimize the uncertainties on the metric cause huge fluctuations on the later. On the other hand, Gambini 
and Pullin have analyzed a different family of states, for which the uncertainties on the metric can be diminished at 
the expense of increased fluctuations on the matter fields 0]. Beetle || and Varadarajan Q have also analyzed other 
models, along lines similar to those of Ashtekar, and found results in agreement to those in |Q. 

Although the usual formulation of General Relativity (GR) is in terms of local variables, e.g., metric, connection, 
etc., there exists a reformulation, the Null Surface Formulation of GR (NSF), whose basic variable can be taken as a 
11 Z" function, that, a posteriori turns out to describe light cone cuts at future null infinity of a metric that satisfies 
Einstein equations. The purpose of this paper is to reconsider the model analyzed by Ashtekar, but now focusing our 
attention, not on the metric, but on Z. As we shall see, coherent states for the scalar field are also coherent states for 
Z, in exactly the same regime as that for the metric. But, while small deviations from this regime are amplified in 
the metric, they are damped in Z. A recent review of NSF, together with a complete list of references, can be found 
in H , and some results of classical NSF in 2 + 1 in |tJ . 

Let us start by briefly discussing some classical aspects of the model. Coordinates ("Weyl coordinates") can be 
chosen, on which the scalar field *F decouples from the metric. The equations for *F are those of a scalar field on a 
flat fiducial spacetime. Once *F is known, the metric can be obtained by quadratures, and it takes the form 



ds 2 = e GT { r,t) { 



-dt 2 + dr 2 



r(r,t) 



dr 
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Note that T(r, t) is the energy of \& enclosed on a disk of radius r, at time t, just as would be measured if the fiducial 
flat spacetime were physical. The range for the coordinates is the usual: t € TZ, r > 0, <j> € [0, 2tt]. The total mass is 
H = 4^j(l — e~ 4GH "), and it coincides with the total energy of the scalar field, the "C-energy" Hq = T(oo, t), only in 
the linearized approximation (in particular, H is bounded from above, as opposed to Hq) H. 

Suppose from now on that the initial data (at, say, t = 0) for the scalar field has compact support, contained in 
r < Rq, and call O the region outside the support of the field, i.e., the region given byi>0y£ — r = u < —Rq. In 
O the metric is 



ds 2 = e GH "(-dt z +dr 2 



(1) 
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It is in this zone and for the metric that the LE have been found. 

Consider the light cone emanating from a point x^ = (t,r,(p), and its intersection with future null infinity T + 
P). This "light cone cut" |l0| is a closed curve (with winding number 1 and, in general, with selfintersections and 
cusps), that can be described by an equation of the type u — Z(£,a; M , [$]), where (m,£) are Bondi coordinates for 
T + , and [iff] denotes functional dependence with ty. Conversely, for each £ I + , the set of points x^ that satisfy 

u = constant = ['J]) comprise the past light cone of In this way, Z admits two dual interpretations. 

If a Z((;, x^, ['I']) function satisfies the so called metricity conditions, then there exists a conformal metric such that 
Z has the interpretation above mentioned. This metric can be obtained as follows. For each £, there exist intrinsic 
coordinates 9 V = (u,ui,R), given by 

u = Z(£, *",[¥]) , u = d i Z{^x^m) , R = dlZ{i,x^,m). 

The A(£, 0", [iff]) function is defined by expressing the coordinates 9 V in term of inserting them in R, and differ- 
entiating with respect to £: 

A(Z,6 v ,[*}) = dtR(Z,x»(e»),m)- 

The cobasis 9 v a = (d9") a , and its dual 9^9^ = 8", are introduced. Then the components of the conformal metric in 
the basis {9^} are 

-1 

g 13 =Sl\ -1 -(1/3)0«A I . (2) 

-1 -(l/3)5 fl A [-(l/3)c\(dflA) + (l/9)(d fl A) 2 + d w A] 

One must also solve certain equations that ensure that Cl is such that (||) satisfies Einstein's equations. 

In order to make contact with Q, we also look at the region O. We then restrict ourselves to the portion of T + 
given by u < —Rq and £<(/> + arcos (t/r + Ro/r), where Z is given by 

Z{^x^m)=t-rcos[e- GH °l 2 (Z~<t>)] . (3) 

The main reason for such restriction is that it suffices to obtain the metric at (i, r, (f) 6 O. That is, following the 
procedure above sketched one finds that 

ds 2 = n-'e- 2 ^ [e GH ° (-dt 2 + dr 2 )+ r 2 d^ 2 \ . (4) 

Instead of solving the corresponding equations for f2, we note that if we choose it as an arbitrary constant, then 
(||) satisfies the vacuum equations. We can rescale it as Cl — e~ 2GH( \ to reobtain in this way the metric in Weyl 
coordinates. Once this is done, it can be checked that, fixing a point (i, r, (f>) G O, (^) gives the portion of the light 
cone cut that, on its way to I + , did not cross matter. 

Summarizing, at this point we have two equivalent descriptions of the geometry in the region O. One of them is 
given by the local variable ([!]) , and the other by the nonlocal one (||) . 

In the usual approach one encodes the degrees of freedom in \E', promotes it to an operator acting on the Hilbert 
space suggested by the fiducial flat background and obtains the covariant metric operator |ll|] 

d7 2 = e GHo {-dt 2 + dr 2 ) + r 2 Tdc/) 2 , 

whose unique non trivial component is g = e GH °. Within NSF, we can quantize the light cone cuts, by promoting Z 
to an operator (d^Z and d 2 Z also have to be considered, but the results are similar) fl^ ]: 

Z = Z(£,a: M ,[#]) = tT - r cos [e- GHo/2 {£ -</>)] . 
If the coherent states for the scalar field (for simplicity we consider monochromatic states, of frequency ujq): 

(2 \ n/2 -. 

are taken as candidates for coherent states for the metric, closed expressions for its classical value, g = e G<Ho> , as 
well as for its mean value and fluctuations, can be given. They are: 
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g = e ao ? < ?>=e «o(e"°-l)M, = - 1 . (6) 

with TVo = \co\ 2 /h ^ 1 the number of particles, f^o = Ghu>o, and ao = -/Vo^o- The condition No 3> 1 must then be 
satisfied, in order for the uncertainties on the scalar field to be small. But this does not suffice for the mean value of 
g to be sharply peaked around g; from eqs. (||) it can be seen that, for fixed but arbitrary ao, this happens only at 
low frequencies, Qq ^ !• I n such a case, one can obtain the quantum corrections in a perturbative expansion around 
fio = 0. Although we do not have closed expressions for the mean value of the cut and its fluctuations (the last 
are straightforward to obtain but rather lengthy, so we do not write them down hereafter), exactly the same above 
mentioned properties are valid for the cut: its mean value, 



(£-<!>)- 

1 - ' 

is sharply peaked around the classical one 



<Z>=t-rY [ \\[ (-l)n e «o(«-"°»-i)/n. 



Z = t-rcos[e- ao/2 {£, -</>)] , 
only at low frequencies. In that case, one can obtain the quantum corrections in a perturbative expansion: 

<z> =z + ^ ao n d a 2Z + o(nl) 



AZ 



= T^2 r2 (t - <t>? sin 2 [e- ao ' 2 (i - 0)]a o e- Q ^ o + O (fig) . 



\<Z>) 4Z 2 

Therefore, up to this point we do not find differences between metric and cut. But now suppose that certain number 
N\ of particles of high frequencies is added to the state given by (||), with iVo <C 1, fio <C 1 an d fixed but arbitrary 
a (i.e., a coherent state for the scalar field that also minimizes the uncertainties for the metric, or, equivalently, for 
the cut) , i.e., 

(2 \ n/2 / o \ m / 2 i 
/ \ / V HI.,,. 

with fii = Ghuji 3> 1, Ni = \ci\ 2 /h (the number of particles added) and fixed but arbitrary a\ = Nifli. Closed 
expressions for the metric quantities can also be given: 

>= a (e n 0_i)/ i :2 0+Ql ( e ni_ 1 ) /Ol / Ag \ = ao ( e no_i) 2 /o 0+Ql ( e ni_ 1 ) 2 /ni 



g _ gOa+ai ^ ~ >= e a {e""-L)/\io+ai{e--i-i)/iii I ^ _ gao^e"" -i) /Si -Kti ^e"* -i) /Ui _ j ^ 

Recalling that J7o ^ 1 and f^i ^> 1, we have that 

<g > ^e aa+a ^ 11 '^ , (^-^^ 2 «e Qie2ni / ni -l. (9) 

Now suppose that the number of particles with high frequency is very small, N\ -C 1, such that di < 1. This 
corresponds to a small deviation from the regime in which the pair ($,<?) is sharply peaked in their corresponding 
classical values (a "little blip"). Even if a\ is very small, for Sli large enough, the fluctuations on g are huge, its mean 
value differs in the same way from the classical one. The terms of the form e aie 1 ^ 1 cause this behavior. At this 
point is where the cut behaves in a completely different way. It can be seen that its fluctuations are very small, in 

fact there are terms of the form ^e aie 1//ni — lj , and they quickly to zero when £!i increases. In other words, while 

small fluctuations are "amplified" in the metric, they are "damped" on the cut. The mean value of the cut has similar 
behavior, it remains very close to the classical value. The later is 



Z = t 



e -( ao+ai )/2(£ _ ^ ^ and therefore Z ~ i _ r cos e -«o/^^ _ 0) 



for ai < 1 



while the mean value is given by 

\2n 



<Z >=t-r'Y — *^" ( i)" c a o( e ~" "- 1 )/"o+ a i e ~" 1 "- 1 )/"i 



n>0 
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and therefore, for SIq < 1, ai < 1, and fij 1, we have 



< Z >« t- 



•E 



(e-0) 2 n 

(2n)! 



-(-!)' 



t — r cos 



-a /2 



In conclusion, if the coherent states for the whole theory are taken as the ones that minimize the uncertainties on 
the scalar field, then they have to satisfy No ^> 1 and fig <C 1, whether the geometry is characterized by the metric 
or the cuts. If these conditions are not satisfied, the classical values of the cut and metric are spurious, in the sense 
given above. Nevertheless, there is a significative difference between metric and cut: a "little blip" of high frequency 
causes the metric to have wild fluctuations and hugely deviates its mean value from the classical one; as opposed to 
this, the mean value of the cut remains very close to the classical one and fluctuations on it are damped. Finally, we 
mention that within NSF one can also quantize local variables corresponding to the spacetime points [|l2| and it can 
be seen that they behave in a manner very similar to that of the metric (i.e., they have huge fluctuations, etc., details 
will be considered elsewhere). 

The fact that fluctuations in Z are damped while the ones for the covariant metric are amplified can be understood 
noticing from (||) that the components of the contravariant metric typically go as (derivatives of) Z. Now, if fluctua- 
tions for the covariant metric are large, it is quite natural that the ones for its inverse are small. Thus, one expects 
that similar results may hold in 3 + 1 , where one has an expression similar to (Q) ; in the sense that one could try to 
see if large quantum gravity effects are present in that case by analyzing the fluctuations in Z Q But whether or not 
the later are damped will depend on the relation between the free Bondi data at 1 + and Z. The problem is that at 
present such relation is only known in perturbativc schemes. Since LE are nonlinear effects, it does not seem possible 
to obtain information from a perturbative approach. 
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